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We propose a bosonic Josephson junction (BJJ) in two nonlinear mechanical resonator coupled through two-
phonon exchange interaction induced by quadratic optomechanical couplings. The nonlinear dynamic equations
and effective Hamiltonian are derived to describe behaviors of the BJJ. We show that the BJJ can work in two
different dynamical regimes: Josephson oscillation and macroscopic self-trapping. The system can transfer
from one regime to the other one when the self-interaction and asymmetric parameters exceed their critical
values. We predict that a transition from Josephson oscillation to macroscopic self-trapping can be induced by
the phonon damping in the asymmetric BJJs. Our results opens up a way to demonstrate BJJ with two-phonon
exchange interaction and can be applied to other systems, such as the optical and microwave systems.
I. INTRODUCTION
Bosonic Josephson junction (BJJ), a bosonic analog of
the superconducting Josephson junction, was first proposed
and observed in two weakly coupled Bose-Einstein conden-
sates [1–10] to study macroscopic tunneling. After that BJJ
has also been studied both theoretically and experimentally in
other nonlinear bosonic systems, such as coupled nonlinear
optical cavities [11–18] and nanomechanical resonators [19].
One important application of BJJ is to serve as a quantum in-
terference device [20]. As a two-mode Bose-Hubbard model,
BJJ also offers a simple platform to explore quantum many-
body dynamics [21].
In contrast to all hitherto realized BJJs, where two nonlin-
ear bosonic systems are coupled by hopping of single bosons,
we here propose a BJJ in two nonlinear mechanical modes
coupled through two-phonon exchange interaction. The Bose-
Hubbard model with atom-pair tunneling [22–26] or two-
photon exchange [27–33] has been studied for years. How-
ever, the realization of two-phonon exchange interaction in
the mechanical systems is still lack of effective method.
Recently, multi-mode optomechanical system [34], that
multiple mechanical resonators are coupled to a single cav-
ity mode via radiation pressure or optical gradient forces, pro-
vides us an appropriate platform to realize nonlinear phononic
interaction mediated by the cavity mode [35–39]. We find that
two-phonon exchange interaction can be induced by coupling
two mechanical modes to a common cavity mode through
quadratic optomechanical interactions. An effective Hamil-
tonian for two nonlinear mechanical modes with two-phonon
exchange interaction is obtained by adiabatically eliminating
the cavity mode. We show that the transition between Joseph-
son oscillation and macroscopic self-trapping (MST) can be
observed by tuning the parameters blow (or above) certain
critical values.
Different from the BJJs with single-boson hopping inter-
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action, where four distinct modes are predicted [2–4], i.e.,
zero-phase mode, running-phase mode, pi-phase oscillations,
and pi-phase self-trapping, whereas in our system, there are
three distinct modes, i.e., zero-phase mode, pi/2-phase oscil-
lations, and running-phase mode. In addition, a dynamic tran-
sition from Josephson oscillation to MST induced by phonon
damping is predicted for asymmetric BJJ with two-phonon
exchange interaction, which is very different from the previ-
ous theoretical predictions [4, 16] and experimental observa-
tions [12].
The paper is organized as follows. In Sec. II, we derive
an effective Hamiltonian for two nonlinear mechnical modes
coupled through two-phonon exchange interaction from an
multi-mode quadratic optomechanical system with two non-
linear mechanical modes and one cavity mode. In Sec. III,
an effective Hamiltonian for BJJ are obtained from the two
nonlinear mechnical modes coupled through two-phonon ex-
change interaction. The behavior of the BJJ in the non-
self-interacting and linear regimes is discussed in Sec. IV. In
Sec. V, we study the dynamic behaviors for the symmetric
BJJ. The effective potential for BJJ is shown in Sec. VI. We
study the effect of the phonon damping on the dynamic behav-
ior of the asymmetric BJJ in Sec. VII. Finally, we summarize
results in Sec. VIII.
II. TWO-PHONON EXCHANGE INTERACTION
As schematically shown in Fig. 1, we study a system that
two nonlinear mechanical modes are coupled to a common
cavity mode with quadratic optomechanical couplings. Such
system can be realized by either two partly reflective nonlin-
ear membranes in a Fabry-Perot cavity [40], optomechanical
crystal [41–43], or other systems. The Hamiltonian of these
systems can be written as
H =
∑
i=1,2
[
ω
(0)
i b
†
i bi + U
(0)
i b
†
i b
†
ibibi + gia
†a
(
b†i + bi
)2]
+ωca
†a+
(
Ωa†e−iωdt +H.c.
)
, (1)
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FIG. 1: (Color online) Schematic diagram of two nonlinear mechani-
cal modes (b1 and b2) coupled to a common cavity mode (a) through
quadratic optomechanical interactions: (a) two partly reflective non-
linear membranes in a Fabry-Perot cavity; (b) optomechanical crys-
tal.
where a and a† are the annihilation and creation operators of
the cavity mode with frequencyωc, bi and b
†
i (i = 1, 2) are the
annihilation and creation operators of the ith nonlinear me-
chanical mode with frequency ω
(0)
i and nonlinearity strength
U
(0)
i , and gi is the quadratic optomechanical coupling strength
between the cavity mode and the ith mechanical mode. The
cavity mode is driven by an external field with the strength Ω
and frequency ωd.
The dynamics of the mechanical oscillators and cavity
mode can be described by quantum Langevin equations. After
considering the dissipations and within the mean-field approx-
imation, we can obtain the dynamical equations
d
dt
bi = −
(γi
2
+ iω
(0)
i
)
bi−i2U (0)i b†ibibi−i2gia†a
(
b†i + bi
)
,
(2)
d
dt
a = −
κ2 + i
∆c + ∑
i=1,2
gi
(
b†i + bi
)2
 a−iΩ, (3)
for i = 1, 2, with the damping rates of the cavity mode κ and
mechanical modes γi (i = 1, 2). Here, ∆c ≡ ωc − ωd is
the detuning between the cavity mode and driving field. To
solve the above nonlinear dynamical equations, we can write
each operator as the sum of its steady-state value and the time-
dependent term: a → α + a and bi → βi + bi, where α and
βi are the steady-state values of the system. When gi ≥ 0, the
steady-state values are
α =
−i2Ω
κ+ i2∆c
, (4)
βi = 0. (5)
Under the assumption that the external driving is strong (i.e.,
|α| ≫ 1), |α|2 ≫ 〈a†a〉, and frequency shift induced
by the quadratic optomechanical couplings is small, ∆c ≫〈∑
i=1,2 gi
(
b†i + bi
)2〉
, the dynamical equations for the
time-dependent terms are given by
d
dt
bi = −
(γi
2
+ iωi
)
bi − i2U (0)i b†ibibi − i2gi |α|2 b†i
−i2gi
(
αa† + α∗a+ a†a
) (
b†i + bi
)
, (6)
d
dt
a = −
(κ
2
+ i∆c
)
a− i
∑
i=1,2
giα
(
b†i + bi
)2
, (7)
where ωi = ω
(0)
i + 2gi |α|2.
After introducing the slowly varying amplitudes a˜ ≡
ae(i∆c+κ/2)t and b˜i ≡ bieiωit, under the rotating-wave ap-
proximation (by keeping the terms with low frequencies∆i ≡
∆c − 2ωi and neglecting oscillating terms with high frequen-
cies, e.g. ωi, ∆c, etc) with |∆i| ≪ {ωi,∆c}, we have
db˜i
dt
= −i2U (0)i b˜†i b˜ib˜i − i2G∗i a˜b˜†ie−(i∆i+κ/2)t −
γi
2
b˜i, (8)
da˜
dt
= −i
∑
i=1,2
Gib˜
2
i e
(i∆i+κ/2)t, (9)
where Gi = giα is the effective optomechanical coupling
strength. The expression of a˜ can be obtained as
a˜ = −i
∑
i=1,2
∫ t
−∞
Gib˜
2
i e
(i∆i+κ/2)τdτ. (10)
Under the assumption that the damping rate of the cavity mode
is much larger than the effective optomechanical couplingsGj
and the damping rates of the mechanical modes, i.e., κ ≫
{Gj , γi}, the evolution of b˜i is much slower than a˜, so b˜i can
be taken out of the integrals, then we have [44, 45]
a˜ = −i
∑
i=1,2
2Gi
κ+ i2∆i
b˜2i e
(i∆i+κ/2)t. (11)
After adiabatically eliminating the cavity mode by substitut-
ing Eq. (11) and bi ≡ b˜ie−iωit into Eq. (8), the dynamical
equations for the mechanical modes bi become
db1
dt
= −
(γ1
2
+ iω1
)
b1 − i2U1b†1b1b1 + i2J1b2b2b†1, (12)
db2
dt
= −
(γ2
2
+ iω2
)
b2 − i2U2b†2b2b2 + i2J2b1b1b†2, (13)
where the effective nonlinearity strength Ui = U
(0)
i −
|Gi|2 / (∆i − iκ/2) and effective two-phonon exchange cou-
pling strengths J1 = −g1g2 |α|2 / (∆2 − iκ/2) and J2 =
−g1g2 |α|2 / (∆1 − iκ/2) can be controlled by tuning the
strength Ω and frequency ωd of the external field. We choose
{|∆1 −∆2| , κ} ≪ |∆i|, so that Ui ≈ U (0)i − g2i |α|2 /∆i
and J ≈ −g1g2 |α|2 /∆1 ≈ −g1g2 |α|2 /∆2, and a Hermi-
tian Hamiltonian can be obtained as (without considering the
damping terms)
Heff =
∑
i=1,2
(
ωib
†
ibi + Uib
†
ib
†
ibibi
)
+J
(
b†1b
†
1b2b2 + b
†
2b
†
2b1b1
)
,
(14)
which describes a model for two nonlinear mechnical modes
coupled through two-phonon exchange interaction.
3III. BOSONIC JOSEPHSON JUNCTION
From Eq. (14), we can verify that, when the effect of me-
chanical damping can be neglected, the total phonon popula-
tionNT = n1 + n2 is constant, where ni is the phonon popu-
lation in the ith mechanical mode. For large phonon numbers,
i.e., NT ≫ 1, the operators of the mechanical modes can be
treated as classical quantities,
bi =
√
nie
iθi , (15)
where θi is the phase. By introducing the population imbal-
ance z ≡ (n1 − n2) /NT and the phase differenceφ ≡ θ2−θ1
between the two mechanical modes, the dynamics of the me-
chanical modes can be rewritten as the nonlinear equations
dz
dt
=
(
1− z2) sin 2φ, (16)
dφ
dt
= ∆+ gz − z cos 2φ, (17)
where the time has been rescaled as 2JNT t → t, and the di-
mensionless parameters are g = (U1+U2)/2J ,∆ = ∆0+∆u
with ∆0 = (ω1 − ω2)/2JNT and ∆u = (U1 − U2)/2J . We
can see that these nonlinear dynamical equations are invari-
ant under the transformation∆ → −∆, φ → −φ + pi/2 and
g → −g.
We can consider z and φ as two canonically conjugate vari-
ables, then an effective Hamiltonian (derived from the above
equation with dz/dt = −∂HJ/∂φ and dφ/dt = ∂HJ/∂z)
for BJJ is obtained as
HJ = ∆z +
g
2
z2 +
1
2
(
1− z2) cos 2φ. (18)
The BJJ tunneling current is defined by
I ≡ NT
2
dz
dt
= JN2T
(
1− z2) sin 2φ. (19)
IV. NON-SELF-INTERACTING AND LINEAR REGIMES
Before the detailed analysis of the BJJ with numerical so-
lutions, here we consider the behavior of the system in the
non-self-interacting and linear regimes. For symmetric BJJ
without self-interaction, i.e.,∆ = g = 0, the dynamical equa-
tion for z is obtained as
d2z
dt2
= −2z (1− z2) . (20)
This can yield a hamonic oscillation for z only in the limit
|z| ≪ 1 with frequency
ω0 = 2
√
2JNT . (21)
In this case the BJJ tunneling current I is an alternating cur-
rent (AC) with frequency 2
√
2JNT .
FIG. 2: (Color online) Energy contours of a symmetric bosonic
Josephson junction versus z and φ, for (a) g = 0.5 and (b) g = 2.0.
For symmetric BJJ (∆ = 0) with g < 1, in the linear limit
(|z| ≪ 1 and |φ| ≪ 1), the dynamical equation for z is given
by
d2z
dt2
= 2 (g − 1) z. (22)
z oscillates hamonic with frequency
ωL = 2
√
2 (1− g)JNT . (23)
Then the frequency of the AC current I become
2
√
2 (1− g)JNT .
Still in the linear limit (|z| ≪ 1 and |φ| ≪ 1) with g < 1,
if the BJJ is asymmetric with parameter∆≫ (g − cos 2φ) z,
then we have
φ = φ (0) + ∆t, (24)
z = z (0)− 1
2∆
cos [2φ (0) + 2∆t] . (25)
z oscillates harmonically with frequency
ωac = 2∆. (26)
The BJJ tunneling current is given by
I = JN2T sin [2φ (0) + 2∆t] . (27)
An AC current I is produced in the asymmetric BJJ working
in the linear limit.
V. SYMMETRIC BJJ
For a symmetric BJJ, i.e., ∆ = 0, the Hamiltonian in
Eq. (18) becomes
HJ =
g
2
z2 +
1
2
(
1− z2) cos 2φ. (28)
Figure 2 shows the energy contours of a symmetric BJJ for
different values of self-interaction parameter g. We can find
that the location of the energy minima, maxima, and saddle
points crucially depends upon the self-interaction parameter
g. For g < 1 (strong two-phonon exchange coupling, i.e,
4FIG. 3: (Color online) Population imbalance z and phase difference
φ/pi as functions of the rescaled time t for g = 0.99 in (a) and
(b), g = 1.01 in (c) and (d). The initial imbalance in (a) and (c) is
z(0) = 0.5. In (b) and (d), the imbalance takes the initial values
0.1 (black solid), 0.3 (red dash), 0.6 (green dot), 0.9 (blue dash-dot),
0.99 (purple dash-dot-dot). The other parameters are ∆ = 0 and
φ(0) = 0.
Ui < J), the minima are at [z, φ] = [0, (m+ 1/2)pi] (m is an
integer) and the maxima settle in [z, φ] = [0,mpi], whereas for
g > 1 (strong nonlinearities, i.e, Ui > J), the minima are still
at [z, φ] = [0, (m+ 1/2)pi], while [z, φ] = [0,mpi] become
saddle points. This transition of the point [z, φ] = [0,mpi]
from a local maximum to a saddle point is a manifestation of
the transition of the Josephson oscillation regime to the self-
trapping regime.
For a given value of the initial population imbalance z (0),
if the self-interaction parameter g exceeds a critical value
gc, the populations become macroscopically self-trapped with
〈z〉 6= 0. This corresponds to the macroscopic self-trapping
(MST) condition for
H0 ≡ HJ (z (0) , φ (0)) > 1
2
, (29)
and the critical self-interaction parameter for MST is
gc =
{
1−
[
1− z (0)2
]
cos [2φ (0)]
} 1
z (0)
2 . (30)
Figure 3 describes the time evolution of population imbal-
ance z for different values of self-interaction parameter g. Fig-
ures 3(a) and 3(c) show the transition from the Josephson os-
cillation to the MST regime at g = 1, for the specific initial
conditions [z(0), φ(0)] = [0.5, 0]. In Fig. 3(a), where g < 1, z
and φ oscillate around [z, φ] = [0, 0], which corresponding to
the zero-phasemode. In Fig. 3(c), where g > 1, 〈z〉 = 0 and φ
increases monotonously, which corresponding to the running-
phase mode. The transition behavior for φ(0) = 0 at g = 1 is
independent of the initial value of the population imbalance,
as shown in Figs. 3(b) and 3(d). We can also see this clearly
from Eq. (30): gc = 1 for φ(0) = 0, which is independent of
the population imbalance.
On the other hand, from Eq. (29), when g > 1 remains
constant and initial value φ (0) 6= mpi (m is an integer), there
FIG. 4: (Color online) Population imbalance z and phase difference
φ/pi as functions of the rescaled time t for φ(0) = pi/2, g = 7 and
∆ = 0. The initial imbalance z(0) takes the initial values (a) 0.2, (b)
0.4999, (c) 0.5, (d) 0.5001 (black solid and red dash curves) and 0.7
(black dot and red dash-dot curves).
is a critical population imbalance zc for the initial value of the
population imbalance z (0) as
zc =
√
1 − cos [2φ (0)]
g − cos [2φ (0)] . (31)
Figure 4 shows the transition from the Josephson oscillation
to the MST regime at z(0) = zc = 0.5, for the specific initial
conditions [φ(0), g] = [pi/2, 7]. For z(0) < 0.5, an increase of
z(0) adds higher harmonics to the sinusoidal oscillations, and
the period of such oscillations increases with z(0), as shown
in Figs.4 (a)-(c). Meanwhile, φ oscillates around the point
φ = pi/2, which corresponding to the pi/2-phase oscillations.
MST occurs when z (0) > zc as shown in Fig. 4(d). More-
over, for z(0) > 0.5, the period and the amplitude of the MST
oscillations decrease with z(0), i.e., z becomesmore localized
with high oscillation frequency for larger values of z(0).
VI. POTENTIAL FOR BJJ
In this section, we employ the alternative approach of ex-
amining the effective potential for the BJJ. One can use the
energy HJ of Eq. (28) to describe the system in terms of an
equation of motion for a classical particle moving in a poten-
tial W (z) ≡ HJ − (dz/dt)2 [3] with coordinate z and total
energy HJ . For symmetric BJJ (∆ = 0), the potentialW (z)
is obtained as
W (z) = H0 + 4H
2
0 − 1
+2 (1− 2H0g) z2 +
(
g2 − 1) z4 (32)
with the conserved energyH0 = HJ . It is clear that if H0 >
1/2, we will haveW (z = 0) > H0 = HJ and MST sets in.
Figure 5 displays the potential W (z) for (a) φ(0) = 0,
(b) φ(0) = pi/2. For a given value of initial conditions
5FIG. 5: (Color online) The potentialW (z)−H0 is plotted as a func-
tion of z for initial phase difference φ(0) = 0 in (a) and φ(0) = pi/2
in (b) with ∆ = 0. In (a) g takes the values 0.9 (red dash), 1.0
(black solid) and 1.1 (blue dot) with the initial population imbalance
z(0) = 0.5. In (b) initial population imbalance z(0) takes the val-
ues 0.1 (purple dash-dot), 0.55 (red dash), 0.5 (black solid) and 0.45
(blue dot) with g = 7.
[z(0), φ(0)] = [0.5, 0], in Fig. 5(a), the the increase of the
the value g, W (z) is changed from a single (red dash curve)
to a double (blue dot curve) well and the changeover occurs
at the critical point g = 1 (black solid horizontal line). It is
worth noting that the potential is flat at the critical point g = 1
corresponding to steady state for the population imbalance z.
For a given value of [φ(0), g] = [pi/2, 7], in Fig. 5(b), with the
increase of z(0), W (z) is changed from a parabolic (purple
dash-dot curve) to a double well and the changeover occurs
at the point z(0) =
√
1/g. As the parameter g increases,
the oscillations become anharmonic and the system is in the
Josephson regime [also see Fig. 4(b) and 4(c)]. For z(0) > 0.5
the total energy is smaller than the potential barrier (red dash
curve), forcing the particle to become localized in one of the
two wells.
If the BJJ is asymmetric with ∆ 6= 0, then the potential
W (z) is given by
W (z) = H0 + 4H
2
0 − 1− 8H0∆z
+2
(
1 + 2∆2 − 2H0g
)
z2
+4∆gz3 +
(
g2 − 1) z4. (33)
The potential is asymmetric because there are two terms with
odd powers of z inW (z). We plotW (z)−H0 for different∆
in Figs. 6(a) and (b). The corresponding dynamical evolution
of z is shown in Figs. 6(c) and (d). For ∆ = 0 the potential
W (z)−H0 is symmetric and z oscillates around 〈z〉 = 0 for
g < gc. When ∆ is increased, asymmetric energy is added
to the potential, corresponding to 〈z〉 6= 0. If the asymmetric
parameter ∆ exceeds a critical value ∆c [green dot curves,
∆c = 0.05 in Figs. 6(a) and (c), ∆c ≈ 0.24 in Figs. 6(b) and
(d)], the system moves into the MST regime.
VII. DAMPING INDUCED TRANSITION
We now consider the effect of the phonon damping on the
dynamic behavior of the asymmetric BJJ. For simplicity, we
assume that the two nonlinear mechanical modes have the
same damping rates, i.e., γ0 ≡ γ1 = γ2. The dynamical
FIG. 6: (Color online) z potential W (z) −H0 plotted against z for
[φ(0) = 0, g = 0.9] in (a) and [φ(0) = pi/2, g = 6] in (b) with
z(0) = 0.5 and∆ taking different values. z is plotted as a function of
the rescaled time t for [φ(0) = 0, g = 0.9] in (c) and [φ(0) = pi/2,
g = 6] in (d) with z(0) = 0.5 and∆ taking different values.
FIG. 7: (Color online) Population imbalance z′ and phase differ-
ence φ as functions of the rescaled time τ for γ = 0.01, in (a) with
z′(0) = 0.5, φ(0) = 0, g = 0.9, ∆0 = 0.03, ∆u = 0.01, and in (b)
with z′(0) = 0.5, φ(0) = pi/2, g = 6, ∆0 = 0.22, ∆u = 0.01.
equations in the presence of phonon damping are given by
dz
dt
=
(
e−γt − z2) sin 2φ− 1
2
γz, (34)
dφ
dt
= ∆0 +∆ue
−
γ
2
t + gz − z cos 2φ, (35)
where γ = γ0/(JNT ) is the dimensionless damping parame-
ter, and NT is the total phonon population at the initial time.
The damping parameter γ is inversely proportional to the ini-
tial total phonon population NT . In order to suppress the ef-
fect of the phonon damping, one effective way is to enhance
the total phonon populationNT in the initial time.
Equations (34) and (35) can be rewritten as the dynamical
equations of the effective population imbalance z′ ≡ ze γ2 t
and φ as
dz′
dτ
=
(
1− z′2) sin 2φ, (36)
dφ
dτ
=
2∆0
2− γτ +∆u + gz
′ − z′ cos 2φ, (37)
6where the rescaled time τ is defined by τ ≡ 2γ
(
1− e−γ2 t)
for t ∈ [0,+∞) and τ ∈ [0, 2/γ). Equations (36) and (37)
are the same as Eqs. (16) and (17) but with ∆0 replaced by
2∆0/(2− γτ). This means that the asymmetric of the system
are enhanced as time goes on. When the asymmetric param-
eter ∆′ = 2∆0/(2 − γτ) + ∆u exceeds the critical value
∆c, the system has a transition from the Josephson oscilla-
tion into the MST. Figure 7 shows the time evolution of z′
and φ as functions of the rescaled time τ in the presence of
phonon damping, i.e., γ = 0.01. It shows that the system
works in the Josephson oscillation regime at the beginning
with ∆0 + ∆u < ∆c, and then moves into the MST regime
when τ > [2− 2∆0/(∆c −∆u)]/γ.
VIII. CONCLUSIONS
In summary, we have proposed a BJJ in two nonlinear me-
chanical resonator coupled through two-phonon exchange in-
teraction. Two dynamic regimes of Josephson oscillation and
MST are predicted, and the system can transfer from one
regime to the other one when the self-interaction and asym-
metric parameters exceed their critical values. A transition,
from Josephson oscillation to MST induced by the phonon
damping, can be observed in the asymmetric BJJs. The mea-
surement of the dynamic behaviors of the mechanical res-
onators could be realized by transferring the mechanical sig-
nals into electric signals through piezoelectric effect [46, 47],
or into optical signals through auxiliary optomechanical cou-
plings [19, 45, 48–50]. Our results open a way to investigate
interferometer and Bose-Hubbardmodel with two-phonon ex-
change interactions in optomechanical systems. Similarly,
BJJ based on two-boson exchange interaction can also be re-
alized in the optical and microwave systems [27–33].
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